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1. INTRODUCTION 
A (strongly continuous) one-parameter automorphism group a of a 
C*-algebra A is called approximately inner if there is a sequence {h,} of 
self-adjoint elements of A such that 
a,(x) = lim f?fl~e~“~n, XEA 
H’3c 
uniformly on every compact subset of ?E R. It has been conjectured 
that every one-parameter automorphism group of a UHF algebra is 
approximately inner [ 81. 
The approximate innerness we shall introduce here is the following: For 
each t E R there is a sequence {b,} in A such that 
Ilb,x - a,(xhII + 0, lIb,ll -+ 1, Ilbn-4 + llxll, G,(bn) -+ (0) 
for any x E A. Here Sp,(b,) denotes the a-spectrum of b, (cf. [7]); i.e., it is 
the hull of the ideal 
{/cm 1 J a,(b) f(t) dt = 0 ] 
of L’(R) and the condition Sp,(b,) -+ (0) means that 
nfi, ,Q Q,(b,)= V’). 
” 
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Although the latter approximate innerness looks weaker than the former, 
we do not know in general whether the former implies the latter. But when 
the C*-algebra A is simple and unital (or at least every non-zero ideal of 
A has a non-zero projection), and separable, we can show, by using the 
characterization of the latter condition given below, that the former does 
imply the latter, and also can give an example satisfying the latter but not 
the former. 
The reason is as follows: if A is simple and unital and o! is approximately 
inner in the first sense then it has a ground state [S]. By taking an extreme 
ground state, which is pure, one obtains a covariant irreducible representa- 
tion, whose existence is equivalent to the approximate innerness in the 
latter sense, by 1.1 below, and it also follows that the crossed product 
A x, G is not simple. But we know (cf. [4]) that there is an example of 
(A, IF?, ~1) where A x, I&! is simple and (A, R, a) has a covariant irreducible 
representation. (In the case that every non-zero ideal has a non-zero 
projection, we can use the fact that a certain inner perturbation of c( fixes 
a given projection in the domain of the generator of CI and thus obtain a 
covariant irreducible representation by applying the above argument to the 
C*-algebra cut off by this projection.) 
Our main result is: 
1.1 THEOREM. Let (A, G, a) be a P-dynamical system where A is a 
separable P-algebra, G is a locally compact abelian group with countable 
basis, and c( is an action of G on A. Then the following conditions are 
equivalent : 
(i) There exists a faithful family of covariant irreducible representa- 
tions of (A, G, IX). 
(ii) For any t E G there is a sequence {b,} in A such that 
Ilbnx- 4x)bnll + 0, llb,ll + 1, llbn-4 -+ II.4 %,(bJ + (0) 
for any XE A. 
(iii) For any t E G there is a sequence (6,) in A x? G such that 
Ilbnx - &b)b,ll -+ 0, llbnll + 1, IlbA + Il.4 
for any x E A x a G x ai G’, where the crossed product A x oL G is regarded as a 
subalgebra of the multiplier algebra of the double crossed product 
Ax,Gx,G. 
1.2. Remarks. (1) If A is further supposed to be prime, then the above 
conditions are equivalent to 
(i’) There exists a faithful covariant irreducible representation of 
(A, G, a). 
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(2) If A is simple and unital, then the condition /lb,xjl + 11x11 in (ii) 
follows from the others. Because, since Ilb,x-a,(x) b,ll -0, {b,*b,} is a 
central sequence and hence 
IlWn-4 -+ II43 XEA 
(see 3.1). 
(3) The condition Sp,(b,) + (0) cannot be omitted. For example, 
take the- irrational rotation C*-algebra A, for f3 E [0, l]\O with the canoni- 
cal action y of U2. If a is a one-parameter subgroup of y(%‘) such that a, 
is inner for some non-zero t, then the condition (i) does not hold for 
(A, R, a) but every single a, is approximately inner (i.e., b, can be taken 
even as a unitary). 
(4) The actions satisfying the above conditions (for a fixed A and G) 
are not closed under the pointwise convergence in general. For example, 
take the above irrational rotation C*-algebra A, with y. If a is a one- 
parameter subgroup of y(T*) such that a, is outer for any t # 0, then the 
above conditions are satisfied (this can be proved directly, or see [6]). But 
the closure of those one-parameter subgroups is all the one-parameter 
subgroups of y(T’). 
(5) If furthermore the Connes spectrum of a equals G, the conditions 
in 1.1 are equivalent to 
(iv) For any p E 6 there is a sequence {a,,} in A such that 
II [a,, xl II + 0, llanll + 1, Iladll + Ilxll, Gl(an) -‘P 
for any x E A. 
(This is due to 0. Bratteli, G. A. Elliott, and A. Kishimoto. See [S] for the 
other equivalent conditions.) 
2. DISJOINTNESS 
Let (A, G, a) be a C*-dynamical system as in 1.1. In particular we 
assume that G is abelian. Let {x,} be a bounded net in A and let p E G. We 
call {x,} a bounded net of spectrum p if Spa(xlr) + (p}, i.e., 
n u Sp,(x,)= {PI. 
P v>p 
For a representation 7c of A we denote by AZ the set of elements of n(A)” 
which are obtained as weak limit points of { n(xP)} for all bounded nets 
{x,} of spectrum 0. By 1.1 in [S], JZ~ is a von Neumann subalgebra of 
TC( A)“. 
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Let 7ci and rc2 be representations of A. We say that 7c, is disjoint from x2 
at spectrum 0 if the projection 10 0 belongs to A%‘~, en2 ( c.A?#(X~, @ A$)). 
If n, is disjoint from n, at spectrum 0, then obviously n, is disjoint 
from 7c2. 
For a representation rc of A we denote by 5 the representation of A 
defined by 
s 
0 
zoclp[dt 
G 
on L*(G) @ &?? (cf. [S] ). First we characterize the representations it 
obtained this way. 
2.1. PROPOSITION. Let (p, u) he a couariant representation of (A, G, CI), 
i.e., p is a representation of A on a Hilbert space XQ and u is a unitary 
representation of G on yi”, such that u,p(x)u: = p 0 a,(x), x E A, t E G. Let C 
be an abelian von Neumann subalgebra of p( A)’ such that u, Cu,? = C, t E G. 
Suppose that (C, G, Adu 1 C) 2: (L”(G), G, z) where z is the action of G by 
translations. Then there exists a representation rc of A such that (p, u) is 
equivalent to (i?, v) where the unitary representation v on L2(G)@ 2, is 
induced from the translations on G. Moreover, tf C is maximal abelian in 
p(A)‘, then 7~ is irreducible. 
Proof: Let 69 be the von Neumann algebra generated by C and ut, t E G. 
Then 4? is isomorphic to the crossed product of L”(G) by the translations, 
which is in turn isomorphic to $?(L*(G)). Let (e,i}ijS, be a family of 
matrix units of 98? with I an index set and define a unitary map U of X0 
onto e,,X0@Z2(Z) by 
Ulcl=C e,i*Oti, $Ezp, 
iel 
where {ti}isl is the canonical orthonormal basis for Z2(Z) and 1 is a fixed 
element of I. It follows that for Q E g(,?$) 
UQU*= 1 e,,Qej,@fo, 
i.jsI 
where {fii} is the family of matrix units of S?(Z*(Z)) with fij(,= ti. By a 
suitable identification of Z*(Z) with L2(G) we may assume that 
UCU* = 1 @L”(G), 
v,=uu,u*=1oA,, tEG, 
where 1 is the identity on e,, $, and A is defined by 
(Arl)(s) = r(s-- tL q E L2(G). 
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Let cp = AdUo p. Then (cp, o) is a covariant representation on 
e,,X, @ L’(G). Since cp(x) E 9?(e,, XP) 0 L”(G), and t -+ cp 0 U,(X) is 
continuous in norm, there is a unique continuous function X from G into 
9#(e,,ZP) such that 
Define a map 7c of A into .!B(e,,3’$) by 
4X) =x0, XEA. 
As easily follows, this is a *-representation. From (*) it follows that 
z o a,(x) = X-, and hence that 
If C is maximal abelian in p(A)‘, then the diagonal operator 1 @L”(G) is 
maximal abelian in q(A)‘, and hence it follows that 7c is irreducible. 
2.2. LEMMA. Let xl and z2 be representations of A. Then the following 
conditions are equivalent : 
(1) x1 is disjoint from x2 at spectrum 0. 
(2) fiit, is disjoint from ii,. 
ProojI Suppose (2). Then there exists a bounded net {x,} in A such 
that Zi(x,) weakly converges to 1 and 5,(x,) weakly converges to 0. Since 
Zi is covariant, the same property holds for {oll(xP)} instead of {x,}. Thus, 
for f E L’(G) it follows that 
jf(t)W,(x,Hd~~ jfW4 etc. 
(For any 4, q E L2(G) Q ZX and any compact subset K of G, we can choose 
a subsequence {xP,} of {x,} such that (%,(cr,(x,,))& ‘1) -+ (<, q), tEK.) 
Since the a-spectrum of 
q&J= j f(t) dx,)dt 
G 
is contained in supp i it follows, by replacing x,, by af(xP) for suitable f, 
that there is a bounded net {x,} of spectrum 0 such that E?,(x,) --) 1 and 
fi2(xp) + 0. Since Ila,(x,) - XJ --PO for all t EG, it follows that zl(xP) + 1 
and nz(xP) + 0. This implies that n, is disjoint from 7r2 at spectrum 0, 
i.e., (1). 
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The converse implication is similar (and simpler) and so we omit the 
proof. 
2.3. PROPOSITION. Let 71, be a representation of A and 7c2 an irreducible 
representation of A such that fii, is of type I. Then the following conditions 
are equivalent : 
(1) 71, is disjoint from n2 at spectrum 0. 
(2) 7t, is disjoint from x20cll for any tE G. 
2.4. Remark. If E2 is not of type I, (2) does not necessarily imply (1) in 
this proposition. A trivial example for this is the canonical ergodic action 
of U* on an irrational rotation C*-algebra. In this case for any irreducible 
representations rci and rc2, it follows that ii, - Et,. We may conjecture that 
if jz, is not of type I this is always the case; i.e., there is a disjoint 
irreducible representation rri such that jz, - E2. 
Proof of 2.3. It is immediate that (1) implies (2) (without the condition 
that it, is of type I). 
Suppose that rc, is not disjoint from 7r2 at spectrum 0. Then by 2.2, 5, is 
not disjoint from ii,. Thus, there is a non-zero central projection E of 
f,(A)” such that it, contains Eii, and it, is disjoint from (1 - E)ET,. But 
since both il, and 77, are covariant, and the action induced by c1 on the 
center of 7?*(A)” is ergodic, it follows that E = 1. 
Let F be the central projection of 5,(A)” such that Fi7, wit,; i.e., FE, is 
equivalent to E2. Since F is fixed under the weak extension of the action a, 
it follows that FE&&,. Thus, there is a bounded net {x,} in A of spec- 
trum 0 such that 5,(x,) converges to F. Then it follows that rr,(xP) also 
converges, say to F, Hence F= 10 F, on L’(G) 0 XX, and 
I 
0 
FE, = F,x,Oa-, dt, 
G 
i.e., F5, = (F,x,)-. 
By replacing n, by F, x1 we assume that ii, - 5,. is of type I, it follows 
(0.1 in [S]) that 
is a closed subgroup of G and the center of xi(A)” is naturally isomorphic 
to L”(G/H). By replacing x2 by rc2 0 a, for some t E G, we can assume that 
the induced isomorphism of Z,(A)” onto Z*(A)” is the identity on 
L”(G/H). Then one has that (x,@7t,)-(A)” is of type I with center 
L”(G/H) in the diagonal operators, and concludes that n1 - 7~~. Hence (2) 
is not satisfied. 
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Now we turn to the proof of Theorem 1.1. 
Proof of (i)+ (ii) in 1.1. Let (7~~)~~~ be a faithful family of mutually 
disjoint, covariant, irreducible representations of A. For each i E Z we fix a 
unitary representation U; of G such that Ui(t) n,(x) Ui(t)* = rciocr,(x), 
XEA. 
Let rc be a representation of A. Then by 2.3 the following conditions are 
equivalent: 
(a) n is disjoint from rci at spectrum 0 for any i E I; 
(b) II is disjoint from rri for any i E Z 
(because rcio C(~ - xi, t E G). Hence there is a bounded net (2,) in A of 
spectrum 0 such that zi(zP) -+ 1 weakly for any ie Z, and rc(z,) + 0 for any 
representation rr of A disjoint from xi, i E I. 
For each TV G there is a bounded net {b,} in A such that 116,II < 1 and 
n,(b,) + Ui(t) weakly for any ieZ. (Note that eiE, Ui(t)e (@iEI~i)(A)” 
by our choice of 7ci, i E I.). Since @ U;(t) E J?!@ H,, we may suppose that 
{b,} is of spectrum 0. By taking {z,6.}(,, u) instead of {by} we may further 
assume that z(b,) + 0 for any representation 7c of A disjoint from 7ci, iE I. 
Then it follows that 
b,x - M,(X)b, + 0 
for any x E A in the @(A, A*) topology. Then by an argument as in [ 1 ] one 
can choose a sequence {b,} in A of spectrum 0 in the convex combinations 
of b,‘s such that 
Ilbnx - dx)b,ll + 0, XEA 
llb,ll + 1, IlbAI -+ II-d. 
Here we have used that A is separable. The last condition follows because 
@ ic, nj is faithful and n;(b,) -+ vi(t) weakly for any ie I. 
Proof of(i) =+ (iii) in 1.1. By the Takesaki-Takai duality (7.9.3 in [7]) 
the C*-dynamical systems (A x sL G x a 6, G, 2) and (A @ K(L*(G)), G, 
cr@ Ad 1) are equivalent, where K(L*(G)) is the compact operators on 
L*(G) and 1 is the right regular representation of G. Hence each covariant 
irreducible representation 7~ of A naturally extends to a covariant 
irreducible representation 5 of A x oL G x oi 6. Thus, (i) implies that there is 
a faithful family of mutually disjoint &covariant irreducible representations 
of A x oL G x a 6 which we denote by iii, iE I. By adopting an argument 
similar to that for (i) * (ii), we only have to show the equivalence of the 
following conditions for a representation n of A x ar G x h 6: 
(a) ~IA~~Gisdisjointfromii~IAx~Gforanyi~Z. 
(b) n is disjoint from ii, for any ig Z. 
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Here A x, G is regarded as a subalgebra of the multiplier algebra 
M(A x cL G x4 G) and 7c 1 A x, G is the restriction to A x a G of the natural 
extension of rc to M(A x c( G x oi G). By 2.3, (b) is equivalent to 
(a’) z is disjoint from 71, at &spectrum 0 for any i E I. 
Note that it is immediate that (a) implies (a’). 
From 1.3 in [S] it follows that 
At! (nOno- = 1 oJf&,,, 
on L2(G)@Xn,,. Hence it suffices to show that 
Namely, 
~2&~,~)- = (zeni)-(A x, G)“. 
2.5. LEMMA. Let p be an &covariant representation of A x, G x4 e. 
Then 
do = p( A x oL G)“. 
ProoJ It is immediate that AP 2 p(A x, G)“. Let Q E AP. Then there 
is a bounded net {x,} in A x, G xh G of spectrum 0 such that p(x,) 
converges weakly to Q. Then for f~ L’(@n L’(e), J,(f)*x,n,(f) is 
&integrable (7.8.6 in [7]) and 
P (1 m,w*x,w)) dt -+ > j If(P k+,(P)) @(n,(P)*) dP> 0 d 
where A, is the canonical unitary representation of G in M(A x 1 G x 3i 6). 
Since the above integral belongs to A x 1 G, this concludes the proof. 
3. CENTRAL SEQUENCES 
First we prove the following simple result (cf. Remark 1.2.2). 
3.1. PROPOSITION. Let B be a simple, unital F-algebra and let (c,,) be 
a sequence in the multiplier algebra M(B) such that IIc,II = 1 for all n, and 
I~[c,,x]~~-+Oforallx~B. Then ll~~xll~IIxII,forallx~B. 
Proof (cf. [3]). It suffices to show that 
lim lim sup li(c,*~,)~xll E p(x), XEB 
k-z n-r: 
ACTIONSON C*-ALGEBRAS 337 
defines a C*-semi-norm on B since p( 1) = 1. But this is rather 
straightforward and so we omit the proof. 
3.2. LEMMA. Let B be a separable C*-algebra, and for m = 1, 2, . . . let 
c, = {c,,} ,“=, be a sequence in the multiplier algebra M(B) of B such that 
II cc,,, xl II + 03 IIc,,II -+ 12 IIc,,xll -+ II4 
for any x E B. Let {Z,} be a decreasing sequence of ideals of B such that I,,, 
is essential in Z,, for any m > n. Then there is an irreducible representation 71 
of B with n I Z, # 0 for any n satisfying the following condition : There is a 
subsequence {ckn} of {c,,} f or each m such that I$&,,) weakly converges to 
a non-zero element, i.e., A,,, 1 with some A,,, E a=\ (0). 
Proof (cf. 3.1 in [S] ). We shall prove this when all the sequences c, 
are equal, which we denote by {c,}. It is easy to modify this proof to cover 
the general case as stated in the lemma. 
For a positive eE B with I/eJI = 1 let 
B(e)= {XEB I xe=ex=x}. 
Then B(e) is a hereditary C*-subalgebra ‘of B (which could be zero). 
Denote by T the set of positive elements e of B such that [IelI = 1 and 
B(x) Z (0). 
Let e, EZi n T and let a, E B(e,). There is an n, E RJ such that 
Ila,c,,II > 1 - $= 4. 
Let 
4 = sup{ Ila(w,, + ,Gf,bll I aE B(e,) n T P E u>, 
where T = {A E @ I 121 = 1). Then it follows that ;i, > i and we choose 
6, E B(e,) and ,~i ET such that 
IIY~II =supSpec(y,)>J,-i, 
where y, = b,(pIc,, +,Elc,*,)b,. Define a function f on Iw by 
f(t)= t, 
1 
0, t<O 
o<t<1 
1, t>l 
and let e;=f((y,-l,+i)/E1) with O<.s<IIyJ--;1,+$. Note that 
e’, e, = e;. Since e; E T we can choose e, E Z, n B(e;) n T. 
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In this way we can choose ei E Zj n B(e;- ,) n T, ej E T, 6, E T, nj E N, 
pi E 8, Aj > 0 such that 
1 j >l--=- 
j+l j+l' 
1 
II Yj II = SUP SPeC(Yj) > l-j - 7 
J+l 
e.j = f (( 
1 
y, - %, + - 
11 > 
E 
j+l *’ 
where Yj=bj(~jc,+~,jC~)bj, and O<sj< li.~,ll -Ai+ l/(j+ 1). Since eJ< 
ei- r < ej- r, there exists a pure state cp of B such that cp(ej) = 1 for all j. By 
the definition of e,! it follows that 
1 
A*-- 
j+l < cP(Yj). 
On the other hand by the definition of Ibj it follows that 
Hence one obtains that cp(bf) + 1 as j+ co, and that Iq(pj c,,, + jIjc,) - 
cp(yj)l -0. Thus cp(c,,) does not converge to 0. Since {c,} is a central 
sequence, this shows that {rc,(c,)} h as a subsequence weakly converging 
to a non-zero element in C . 1. 
Now we turn to the proof of (ii)=(i) in 1.1. 
Proof of (ii)*(i) in 1.1. Let {tn} be a dense sequence in G. Then by 
condition (ii) one can choose a sequence {b,,} in A such that 
Ilbmnx - ~r,b)Lnll -+ 0, llbmll = 1, IlLAl --t IIxII, ~~,(bn,) -, 10 1 
as n+ co for any XEA. 
Denote by A(t) the canonical unitary representation of G in M(A x a G). 
Then the sequence {b,,A(fm)*) satisfies the conditions in Lemma 3.2 for 
each m. For example, for u E A and f E L’(G) it is easy to show that 
II CL,4~,)*> al /I -+ 0, 
II t-bmtA~m)*~ 4f )I II + 0. 
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Since the set of x E M(A x 1 G) satisfying 
II C~,ALl)*~ xl II --+ 0 as n+co, (*I 
forms a closed *-algebra, it follows that (*) holds for any x E A x r G. 
Therefore 3.2 implies that for any non-zero ideal Z of A x 1 G there is an 
irreducible representation rr of A x cL G such that n 1 I# 0 and a subsequence 
of rc(b,,A(t,)*) weakly converges to a non-zero multiple of the identity. 
Hence rr(A(t,)) E rc(A)“. Since {tm} is dense in G, it follows that 
n(A(t))~rr(A)” for any t E G, and thus rc1A is irreducible. This concludes 
the proof. 
To show Remark 1.2.1 we only have to use the full power of Lemma 3.1 
(cf. PI). 
The proof of (iii) =E= (i) in 1.1 is quite similar to the above and so we omit 
it. 
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